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In this paper certain properties of Steiner triple systems are shown to be sufficient to ensure 
that it is a derived triple system. In particular it is shown that whenever a Steiner triple system 
(S, t) of order 2v + 1 contains a partial subsystem (V, k) of order v that can be embedded in a 
derived triple system (V,/~) where I/~1 = [k I+ 1, then the Steiner triple sytem (S, t) is also 
derived. 
1. Introduction 
A Steiner triple system (or more simply a triple system) is a pair (S, t) where S is a 
finite set and t a collection of 3-element subsets of S (usually called triples) such 
that each 2-element subset of S belongs to exactly one triple of t. The order of a 
triple system is just the cardinality of the set S. It is well-known thai the spectrum 
for triple systems is the set of all positive integers n ~ 1 or 3 (rood 6). Similarly, a 
Steiner quadruple system (more simply referred to as a quadruple system) is a pair 
(Q, q) where Q is a finite set and q a collection of 4-element subsets of Q (called 
blocks) such that every 3-element subset of Q is contained in exactly one block. 
There is a natural connection between triple systems and quadruple systems in 
that associated with each point x E Q of a quadruple system (Q, q) there is a triple 
system on Q~ = Q\{x}, denoted by (Q~,q(x)), where {i,] ,k}~q(x) if and only if 
{x,i, j ,k}Gq. Such a triple system is said to be a derived triple system of the 
quadruple system (Q, q). It is an open question whether every triple system is a 
derived triple system of some quadruple system. In fact, for most isomorphism 
classes of triple systems of order 15 or larger virtually nothing has been established. 
In a previous paper [5] the author proved the following theorem. 
Theorem 1.1. A Steiner triple system of order 2v + 1 with a derived subsystem of 
order v is itself derived. 
This immediately implies that the 23 nonisomorphic triple systems of order 15 
(see [1]) which contain a subsystem of order 7 are derived triple systems. The only 
other general construction of derived triple systems known to the author is that of 
Lindner [2]. In this paper we will establish some other sufficient conditions for a 
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triple system to be derived. Before we present the main results we must first 
establish some preliminary facts. 
2. Preliminaries 
In what follows, by a partial subsystem of a triple system (S, t) we will mean a pair 
(V, k) where V C S and k C t and such that {i,j, k}E k if and only if {i,j, k}C V. 
Similarly, by a partial subsystem of a quadruple system (Q, q) we will mean a pair 
(P, p) where P C_ Q and p C q such that {x, y, z, w} E p if and only if {x, y, z, w} C P. 
With these definitions established we prove the following lemma. 
Lemma 2.1. For any decomposition of a Steiner triple system (S, t) of order 
n = 2v + 1 into (partial) subsystenzs (V,k)  and (S\  V,r) of order v and v + 1 
respectively, we have I k I+ l r l  =-~o(o - 1). 
Proof. We have 
-~(20(2o + 1))= I k I+ 'o (o -  1 ) -31k  I+-',o(o + 1) -31r l+ l r l .  
This follows from the fact that the 2 subsystems partition S and thus any triple 
either lies completely in one of the two subsystems or intersects one of the two sets 
V, S \V  with exactly two elements. From this equation we get -~o(v-1)= 
IkJ+lrl. 
We remark that (20 + i)--- 1 or 3(mod6) implies that v(v -  1)--0 (mod6). 
Lemma 2.2. For any decomposition of a Steiner quadruple system of order 2n into 
disjoint partial subsystems (P~, p,) and (P2, p2) of order n we have I P~ I = I p2 I. 
Proof. Let PI = {1, 2,. . . ,  n}. Then for each i ~ Pz we have by Lemma 2.1, 
-~(n - 1 ) (n -  2)- [p,( i ) [  = It, l, 
where ri is the collection of blocks {i, x, y, z} with {x, y, z} C P2. It then'follows that 
[~(,, - 1)(n - 2 ) - [  p,(i)I1 =  lr, I. 
Thus 
But 
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~1 r,l=~n(n - 1) (n -  2)- 41 p~l. 
We conclude that ] p, I = ]p2 I. 
With these 2 results established we give the following construction for quadruple 
systems. To begin with, let n be an even positive integer and A*= 
{AI, A2, ... .  A,_~} and B* = {B1, B2 . . . .  , B.-t} any 1-factorizations of the complete 
graph based on A and B respectively. Let a be any permutation on the index set 
{1, 2 . . . . .  n - 1}. Then by the lexigraphical product of A * and B* we will mean a 
collection b of 4-element subsets of A U B, where {p, q, r, s} ~ b if and only if 
[p, q] E A, and [r, s] E B i and ia = j. Now, suppose (A, bl) and (B, b2) are disjoint 
quadruple systems and that {{a, b, c, d}~ : i = 1, 2 . . . . .  k} C bt and {{x, y, z, w}j : j  = 
1,2 . . . . .  k}C b2 are two subcollections of blocks indexed by the set {1,2 . . . . .  k}. 
Assume we can find an appropriate a and A* for an arbitrary B* such that the 
lexigraphical product of A* and B* contains the following blocks for each 




where {a, b, c, d}, E b~, {x, y, z, w} t E b2 (as above), and i/3 = ] where /3 is an 
arbitrary permutation of {1,2 . . . . .  k}. We construct a quadruple system (A U B, b) 
as follows: 
(1) The blocks of b~ and b2 are in b. 
(2) The blocks of the lexigraphical product of A* and B* are in b. 
(3) We delete blocks 




for each i = 1,2 . . . . .  k, 




{b, c, d, w}, 
Obviously steps (1) and 
{x, y, z, w }i, 
{b, c, x, w}, 
{b, d, y, w}, 
{c,d,z,w}, 
j = i/3 (which we know are in b by previous assumptions) 
the blocks 
{x, y, w, b}, 
ix, z, w, c}, 
{y, z, w, d}, 
{x,y,z,a}. 
(2) imply that (A U B, b) is a quadruple system (see [3, 4]) 
346 K.Z Phe~s 
and step (3) will preserve any quadruple system. So, the result of all 3 steps is a 
quadruple system (A U B, b'). This is not a trivial construction since under certain 
conditions we can construct appropriate a and A * for an arbitrary B* as we shall 
see shortly. 
Before we proceed to the main part of this paper let us list the properties which 
we will be considering later. Let (S, t) be a triple system of order 20 + 1 where o - 1 
or 3(mod6) and let (V, k) be a partial subsystem of order v. 
Property 1 (P1). The partial 1-factorization B* based on S \ V induced by V can 
be completed to a full 1-factorization. 
Remark. If B*={Bt,  B2 . . . . .  Bo}, then [x,y]~B, if {i ,x,y}Et;  iEV ;  x, yE  
S\V.  
Property 2 (P2). (V, k) can be embedded in a derived triple system (V,/~); i.e. 
k _c/~. 
Property 3 (P3). The partial subsystem (S\ V,r) can be embedded in some 
derived triple system (U, ?) where UCS\  V and r C ~" and I UI = v. 
Property 4 (P4). Given an arbitrary 1-factorization B* based on .S \  V we can 
construct an appropriate 1-factorization A * on V U {p} (p~ S). (By appropriate we 
mean that if a is the identity permutation then the lexigraphical product of A * and 
B* will contain the appropriate blocks as in the previous construction for 
quadruple systems.) 
Property 5 (P5). Assuming property P2 holds then for each {b ,c ,d}~k\k ,  
{b, c, x}, {b, d, y}, {c, d, z} E t implies {x, y, z} E t. 
Remark. Property P5 implies property P1. 
3. Main results 
We proceed to show that if a given triple system has certain of the aforemen- 
tioned properties it is derived. 
Theorem 3.1. I[ a Steiner triple system of order 2v + 1, v = 1 or 3 (mod6), has a 
partial subsystem of order v such that properties P2, P5 and P4 hold true, then the 
triple system is derived. 
Proof. Let (S, t) be a triple system of order 2v + 1 and (V, k) a partial subsystem 
of order v. We let (V,/~) be the derived triple system with k C/~ and for some p~ S 
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let (V* = V U {p}, k*) be the quadruple system with (V,/~) = (V*, k*(p)). The 
above can be found by assumption (property P2). We remarked previously that 
property P5 implies Property P1, so we let B* = {BI, B2 . . . . .  By} be the completed 
1-factorization of Kv+~ based on S \  V induced by the elements of V. That is, 
[x, y] E B, if: 
(1) { i ,x ,y}Et  for i E  V; x ,y~S\V ,  or 
(2) for { i , j , k}~E\k  we have {i,j,x} and { i ,k ,y}Et .  
That this 1-factorization is complete and well defined is ensured by property P5 
since P5 asserts that if { i, j, k } E k \ k and { i, j, x }, { i, k, y }, {j, k, z } ~ t, then {x, y, z } U 
t and obviously [x, y], [x, z] and [y, z] are not in any partial induced 1-factorization. 
Now let (S \ V, r*) be any quadruple system. For each {x, y, z}j E r, j = 1, 2 . . . . .  s, 
where Ir}=s, there exists some {x,y,z, wj}jEr*.  Also in (V* ,k* )  we have 
{p, b, c, d}~ E k* for each {b, c, d}, E/~\k,  i = 1,2 . . . .  , s. If/3 is a permutation on 
{1,2 . . . . .  s} then i/3 = j if and only if {b, c, d}, E/~\ k and {b, c, x}, {b, d, y}, {c, d, z}, 
{x, y, z}j E t. Property P5 and Lemma 2.i ensure that/3 is well defined. Property P4 
refers t6 the assumption that we can construct a 1-factorization A*= 
{A1, Az . . . . .  Ao} on V* = V O {p} (with A~ the 1-factor which contains [i, p]) so that 
the lexigraphical product of A * and B* will have the following blocks: 
{p,b,x,y}, {b,c,x, wj}, 
{p,c,x,z}, {b,d, y, wi}, 
{p,~,y,z}, {c,d,z,w~}, 
for i = 1, 2, . . . ,  s, //3 = ] where {p, b, c, d}, and {x, y, z, wj}j are as above. We now 
can apply the construction for quadruple systems discussed previously. The result is 
a quadruple system (Q,q), where Q = S U{p} and (S, t )=  (O(p), q(p)). 
Theorem 3.2. I f  a Steiner triple system of order 20 + 1 contains a partial subsystem 
of order v =-- 1 or 3 (mod 6) such that properties P1, P2, P3 and P4 hold true, then the 
triple system is a derived triple system. 
Proof. As before let (S, t) be a triple system of order 2o + 1 and let (V, k) and 
(U, r) be partial subsystems of order o and (U, ~), (V,/~) derived triple systems with 
k C/~ and r C?. Also we assume UU{w}=S\V  and Irl=lE\kl=s. We let 
(V*=VU{p},k* )  and (S \V , r * )  be the Steiner quadruple systems with 
( V ~, k * (p ) ) = ( V, k) and ( ( S \ V ),, r * ( w ) ) = ( U, ?) as derived triple systems. Again 
all this can be done by assumption (P2 and P3). Next we let B y = {BI, B2 . . . . .  By} be 
the partial 1-factorization based on S \  V induced by V (as before), and A*= 
{AI, A2 . . . . .  A~} the 1-factorization based on V U {p} induced by U with the added 
provision that {x, i, w}E t and i E~ V implies that [i,p] is in the 1-factor induced by 
x, and that A, represents this 1-factor. That B* and A* can be completed is 
contained in the assumptions (properties P1 and P4, respectively). The lexicog- 
raphic product will contain the proper blocks (i.e., [x, y] E Bb implies that {x, y, z}, 
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{b, c, x}, {b, d, y} ~ t, and thus implies that blocks {b, c, x, w}, {b, d, y, w} and 
{p, b, x, y} are formed). Now as in our original construction we take the blocks 
k*\{{p,b,c,d},:  i=1 ,2  . . . .  ,s} 
and 
r* \{{x,y,z ,w}l :  /=1 ,2  . . . . .  s} 
and again form blocks 
{p,x,y,z}, and {w,b,c,d}~ 
for i,./= 1, 2 . . . . .  s. Now replace 
{b,c,x,w}, {b,d,y,w}, {p,b,x,y} 
with 
{b,c,x,p}, {b,d,y,p} and {w,x,y,b}. 
This is unambiguous as we are just interchanging w and p in all the previously 
selected fglocks. 
We remark that this construction is really the same as the original but since 
{x, y, z} E t implies {x, y, z} E r*(w), we can do away with the permutation fl (and 
also property p5). We then have our triple system (S, t) as a derived system of this 
quadruple system. This completes the proof. 
So far it is not clear that appropriate 1-factorization A * can be found so that our 
quadruple system construction can be used. We proceed to give some conditions for 
when this is so. 
Corollary 3.3. I f  (S, t) is a triple system of order 2v + 1 containing partial 
subsystenzs (V, k ), (S\  V, r) of order v and v + 1 respectively (v - 1 or 3(rood6)), 
and if (V, k) can be embedded in a DTS and [ r l = 1, then the triple system (S, t) is 
derived. 
Proof. All we have to do is construct an appropriate l-factorization A*. To do 
this we simply take an isomorphic opy of B * (the 1-factorization i duced by V). If 
{x, y, z} E r, {b, c, d} C V, and {b, c, x}, {b, d, y}, {c, d, z} ~ t, then we have (V,/~) = 
(V, k t.J {b, c, d}). Obviously the partial 1-factorization i duced by elements of V 
can always be completed. Assuming (V*= V t.J {p}, k *) is the quadruple system 
with (V~,k* (p) )=(V ,k  U{b,c,d}) and (S\  V,r*) is any arbitrary quadruple 
system with {x, y, z, w} E r*, then define a mapping q~ :S \ V---~ V t_J {p} as follows: 
For {x, y, z, w} we have 
(w 
~b= P d c 
consider an element a~ {x, y, z, w}; if {i, a, w} E t and i~  b, c, or d, then a~b = i; 
and for i = b, c, or d, if iq5 -1 = u and {], u, w}~ t, then a~b = ]. That this is well 
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defined is obvious. That it gives us what we want is clear if we remember that [x, y], 
[x, z] and [y, z] are in the 1-factors Bb, Bc and Be, respectively. Having established 
the existence of an appropriate 1-factorization based on V* we can apply either of 
the previous theorems and thus (S, t) is derived. 
As an immediate consequence of Corollary 3.3 we get that the 15 nonisomorphic 
triple systems of order 15 which Cole [1] calls triple system with semi-head are all 
derived triple systems. 
4. Example 
We illustrate Corollary 3.3 and our construction of quadruple systems by the 
following example. Let (S, t) he Cole's # 24 (see [1]). 
(s, t) 
(V,k) 
1,2,3 1,8,9 2,8,10 3,13,14 5,10,13 
1,4,5 1,10,11 2,9,11 4,8,13 5,11,14 
1, 6, 7 1, 12, 13 2, 12, 14 4, 9, 14 6, 8, 15 
2,4,6 1,14,15 2,13,15 4,10,12 6, t0, i4 " 
2,5,7 3,6,11 3,9,12 4,11,15 7, 8, 1~1 
3,4,7 5,6,12 3, 10, 15 5,9,15 7,9, 10 
3,5,8 7,11,13 7 ,12 ,156 ,9 ,13  
8, 11, 12 
Obviously we have (V,/~ = k U13,5,6}) with V={1,2 . . . .  ,7}. 
Let B = {8,9 .. . . .  15}, then we get the following induced 1-factorization" 
B, = {[8, 91, [10, III, [12, 131, [14, 15]}, 
B3 =/19, 121, [10, 151, I13,141, [8, 111}, 
B5 = {[9, 15], [10, 13], [11, 14], [8, 12]}, 
B7 = {[8, 14], [9, 10], [11, 13], [12, 15]}. 
B2 = 118, 101, [9, 11], [12, 14], [13, 151}, 
B, = 1[8, 131, [9, 141, I10, 121, [11,151}, 
B6 = 118, 151, [10, 14], [9, 13], [11,121}, 
Choose A = V U {0} and let (A, kl) and (B, kz) be quadruple systems of order 8 
such that we have 
(Ao, k,(0)) = (V, k LI/3, 5, 6I) 
and the blocks of k~\10,3,5,6} are: 
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0,1,2,3 0,2,4,6 1,2,4,7 1,3,5,7 
0,1,6,7 0,2,5,7 1,2,5,6 2,3,4,5 
0,1,4,5 0,3,4,7 1,3,4,6 2,3,6,7 
4,5,6,7 
Similarly, the blocks of kz\{8,11,12,15} are 
8,9,10,11 8,9,12,13 9,11,12, 
8,10,12,14 8,9,14,15 9,11,13, 





We now construct the quadruple system (Q, q) with Q = A U B, taking first the 
blocks k~\{0,3,5,6} and k2\{8, 11, 12, 15} and forming the following blocks: 
From A~, B,: 
0,1,8,9 2,3,8,9 5,7,8,9 4,6,8,9 
0,1,10,11 2,3,10,11 5,7,10,11 4,6,10,11 
0,1,12,13 5,7,12,13 2,3,12,13 4,6,12,13 
0,1,14,15 2,3,14,15 5,7,14,15 4,6,14,15 
A2, B2: 
0,2,8,10 1,3,8,10 4,5,8,10 6,7,8,10 
0,2,9, 11 1,3,9, 11 4,5,9, 11 6,7,9,11 
0,2,12,14 1,3,12,14 4, 5, 12, 14 6, 7, 12, 14 
0,2,13,15 1,3,13,15 4,5,13,15 6,7,13,15 
Let 
(8,11,12,15,9,10,13,14) 
4 '= 6, 5, 3, 0,4, 7, 2, 1 
with w = 15 and p = 0. Then A* is as follows: 
B~4' = Z l = [6, 4], [7, 5], [3, 2], [0, 1], 
B:4' = A~ = [6, 71, [4, 51, [1,3], [0, 21, 
B34' = A7 = [4, 3], [7, 0], [2, 1], [5, 6], 
B,4' = As = [6, 2], [4, 1], [7, 31, [0, 5], 
B,4' = A,  = [4; 0], [7, 2], [5, 11, [3, 6], 
B64' = A6 = [6, 0], [1,7], [2, 4], [3, 5], 
B74' = A~ = [1, 6], [4, 7], [2, 5], [0, 3]. 






0,3,9,12 1,6,9,12 2,5,9,12 4,7,9,12 
0,3,10,15 1,6,10,15 2,5,10,15 4,7,10,15 
0,3,13,14 1,6,13,14 2,5,13,14 4,7,13,14 
0,3,8,11 1,6,8,11 2,5,8,11 4,7,8,11 
0,4,8,13 1,5,8,13 2,7,8,13 3,6,8,13 
0,4,9,14 1,5,9,14 2,7,9,14 3,6,9,14 
0,4,10,12 1,5,10,12 2,7,10,12 3,6,10,12 
0,4,11,15 1,5,11,15 2,7,11,15 3,6,11,15 
0,5,9,15 1,4,9,15 3,7,9,15 2,6,9,15 
0,5,10,13 1,4,10,13 3,7,10,13 2,6,10,13 
0,5,11,14 1,4,11,14 3,7,11,14 2,6,11,14 
0,5,8,12 1,4,8,12 3,7,8,12 2,6,8,12 
0,6,8,15 1,7,8,15 2,4,8,15 3,5,8,15 
~ 
0,6,10, I4 1,7,10,14 2,4,10,14 3,5,10,14 
0,6,9,13 1,7,9,13 2,4,9,13 3,5,9,13 
0,6,11,12 1,7,11,12 2,4,11,12 3,5,11,12 
0,7,8,14 1,2,8,14 3,4,8, I4 5,6,8,14 
0,7,9,10 1,2,9,10 3,4,9,10 5,6,9,10 
0,7,11,13 1,2,11,13 3,4,11,13 5,6,11,13 
0,7,12,15 1,2,12,15 3,4,12,15 5,6,12,15 
We now delete the underlined blocks from above and add the lollowing: 
0,3,5,8 0,5,6, 12 3,5,6, 15 5,8, 12, 15 
0,3,6,11 0,8,11,12 3,8,11,15 6,11,12,15 
We thus have a quadruple system (Q, q) with the initial triple system (S, t)= 
(Q0, q(0)) as derived triple system. 
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5. Problems 
The results of this paper along with previous results by this author [5] establish 
that at least 38 of the 80 nonisomorphic triple systems of order 15 are derived. It 
does not appear that the remaining 42 triple systems atisfy the sufficient conditions 
stated in this or other papers. However,  they are undoubtedly derived as the author 
has several computer  generated examples of this. Can one prove that these 42 triple 
systems are derived and in general is every triple system derived? Another  problem 
is when can a partial 1-factorization or equivalently a partial quasigroup (xy = yx, 
x 2 = y2) be completed? 
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